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Abstract 
The paper presents a lumped parameter model of a vibration energy harvester consisting of a bimorph piezoelectric cantilever 
with end mass. Stress on the piezoelectric material which is primarily accountable for the generation of electrical energy in the 
harvester is obtained along the beam length in terms of the end mass displacement. The model is applicable for parallel as well as 
series connection of the piezoelectric layers, and used to obtain resonant frequency, displacement of end mass and generated 
voltage across resistive load. Effect of load resistance on the resonant frequency and generated power is studied, and the results 
are verified with the finite element analysis in COMSOL Multiphysics. 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of ICOVP 2015. 
Keywords: Lumped parameter modeling; Piezoelectric energy harvester. 
1. Introduction 
The demand of self-powered autonomous devices as well as wireless sensor networks has increased in last two 
decades and motivated a large number of researchers towards designing energy harvesters [1,2,3,4],[14]. Unused 
power exists in various forms such as in industrial machines, human activities, vehicles, structures and environment 
sources. In vibration energy harvesting process the mechanical energy in the form of vibration present in the 
environment is converted to electrical energy. Vibration energy harvesters currently under research are based on 
electrostatic, electromagnetic and piezoelectric transductions. The piezoelectric energy harvesters are attractive due 
to its high power density [5] and compatibility with micro fabrication technology [6]. Most of the piezoelectric 
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vibration energy harvesters are cantilever based due to its ability to resonate at low frequency and high stress 
generation. 
The mathematical models of cantilever based piezoelectric harvesters are reported by several research groups  
[2, 3, 4, 7, 8]. The models are generally based on either distributed parameter modeling [7, 9] or lumped parameter 
modeling [1], [10], [11]. The lumped parameter modeling was initially developed by Roundy and Wright [1], and 
duToit et al [10]. The use of simple expressions is the main advantage of lumped parameter modeling but it is 
limited to fundamental mode of vibration only [19]. The effect of electromechanical coupling in the piezoelectric 
material plays an important role in the modeling of the energy harvester [15].  
This paper presents a spring-mass-damper model of a piezoelectric vibration energy harvester, and the model is 
used to find the displacement of the end mass and the stress along the beam for input sinusoidal base excitation. The 
resonant frequency of the system is calculated using Rayleigh’s method, and the expression for voltage generated 
across the load resistance is derived. The performance of the energy harvester is studied in terms of the amount of 
power generated. The results from analytical solution are verified using finite element (FE) analysis carried out in 
COMSOL Multiphysics. 
2.   Modeling 
The energy harvester considered for modeling is a composite cantilever consisting of three layers of uniform 
thickness with an end mass attached symmetrically to the free end. The central layer is brass substrate sandwiched 
between two piezoelectric layers of PZT-5H. The top and bottom surfaces of the bimorph are metalized to form the 
electrodes that can be wired as parallel connection or series connection as shown in figures 1 (a) and 1 (b) 
respectively. For parallel connection, piezoelectric layers are poled in the same direction and they produce electric 
fields in opposite directions as shown in figure 1 (a), and for series connection, piezoelectric layers are poled in the 
opposite direction so that they produce electric fields in the same direction as shown in figure 1 (b). 
        
Fig. 1. (a) parallel; (b) series connection of bimorph. 
Figure 2 shows schematic diagram of a bimorph energy harvester and its cross-sectional view, where NA is the 
neutral axis of the beam, hp and hs are the piezoelectric and substrate layer thicknesses respectively, and hps is the 
distance between the center of the piezoelectric layer and the neutral axis of the beam. The moment due to the 
motion of the end mass exerts stress on the piezoelectric material which generates charge on the metallic electrodes. 
The input vibration is assumed to be in z-direction only and the piezoelectric layer experiences strain along x-
direction. 
         
Fig. 2. Schematic diagram of energy harvester and cross-sectional view of the bimorph. 
2.1. Analysis of the model 
The commonly used spring-mass-damper model of a vibration energy harvester [12] is shown in figure 3. The 
system consists of an equivalent mass m, a spring with spring constant k and dampers. bm represents mechanical 
damping coefficient and θ represents electrically induced damping coefficient. 
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Fig. 3. Mass-Spring-Damper model of piezoelectric harvester. 
If y(t) is the base displacement due to input vibration and z(t) is the displacement of the end mass relative to the 
vibrating base, the equation of motion of the end mass is given by 
       z  emz t b t kz t v my tT      (1) 
       22 z   m n nz t t z t v y t
m
T] Z Z      (2) 
where v is the voltage generated, ζm is the mechanical damping ratio, ωn is the natural frequency of oscillation 
[15], [18]. The equivalent circuit equation in electrical domain with mechanical coupling can be derived using 
piezoelectric constitutive equations as follows.  
The piezoelectric constitutive equations in reduced form are  
1 11 1 31 3  
ET c S e E    ሺ͵ሻ
3 31 1 33 3  
sD e S EH    (4) 
where T1 is stress, S1 is strain, c E11  is Young’s modulus at constant electric field, e31 is the piezoelectric stress 
coefficient, E3 is electric field, D3 is electric displacement and ɛ s33  is permittivity at constant strain [13]. The 
subscripts 1 and 3 represent the direction along which the particular parameter is measured. Hence equation (4) can 
be written as 
3 31 1 33 3  
sD d T EH    (5) 
The stress T(x) along the beam length in the piezoelectric layer is expressed as  
   ^ ` psT x M x I h   (6) 
where I is the cross-section moment of inertia of the composite beam, M(x) is the moment due to the motion of 
the end mass [2] and is given by  
     / 2mM x F L l x     (7) 
where F is the force due to the motion of the end mass and is the product of spring constant k and displacement z 
of the end mass. Therefore equation (6) becomes  
    / 2 m pskz L l xT x hI
    (8) 
Stress in the piezoelectric layer varies from the fixed end to the free end and the average stress is given by 
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Using equation (9), we can rewrite equation (5) as 
 
3 31 33  2
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I h
Hª º « »« »¬ ¼
  (10) 
where v is the voltage across connected load. The charge generated on the electrode is given by 
     3 31 33  2 m sps p
kz L l vq D bL d h bL bL
I h
Hª º  « »« »¬ ¼
 (11) 
and the current through the load resistance can be written as 
  33
31   2
s
m
ps
p
kbL L l bLdq v dz dvi d h
dt R I dt h dt
Hª º   « »« »¬ ¼
  (12) 
Equation (12) can be written in simple form as  
  p
v dv dzC
R dt dt
T    (13) 
Where Ʌ is the electrically induced damping coefficient and  is the capacitance of single piezoelectric layer. 
Equation (13) is the electrical circuit equation of piezoelectric energy harvester. Equation (2) and equation (13) are 
called as electromechanically coupled governing equations.  
2.1.1. Parallel connection of the piezoelectric layers 
When the two piezoelectric layers are connected in parallel configuration, the equivalent capacitance doubles, 
thus equation (13) and (2) can be written as 
     2 2 0p dv t dz tv t RC Rdt dtT     (14) 
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Solving equations (14) and (15) for z(t) and v(t), the dynamic response can be obtained. If the input base 
excitation has harmonic motion of angular frequency ω, the motion of the end mass and the output voltage are 
assumed to be harmonic of the form z(t) = Zejωt and v(t) = Vejωt, where Z and V are the peak amplitudes.  
     
2
0
2 2 2
1 2
2 2 4
p j t
n m n p
m Y j RC
z t e
j m j mRC j R
ZZ Z
Z Z ] ZZ Z T Z
       (16) 
     and  
    
3
0
2 2 2
2
  
2 2 4
j t
n m n p
jR m Y
v t e
j m j mRC j R
ZT Z
Z Z ] ZZ Z T Z       (17) 
Once v(t) is calculated, the power supplied to the load is calculated as v(t)2/R. 
2.1.2. Series connection of the piezoelectric layers 
When the piezoelectric layers are connected in series, the equivalent capacitance of the harvester halves, then 
equation (13) and equation (2) can be rewritten as 
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After solving equations (18) and (19), displacement and voltage for series connection are respectively obtained as 
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2.2. Natural Frequency of Energy Harvester 
The fundamental natural frequency of the energy harvester is calculated using Rayleigh’s method [17] which 
requires expressions for maximum potential energy and maximum kinetic energy.  
The deflection curve of the beam as a function of distance x from the base for a force F applied at the tip is given 
by [17] 
    2 6 3z x Fx YI L x 
  (22)
 
The maximum potential energy of the beam is written as  
22
2
0
1
  
2
L d zU YI dx
dx
ª º « »« »¬ ¼³   (23) 
The maximum kinetic energy of the energy harvester vibrating at frequency ωn is given by 
2 2 2 2
0
1 1
 
2 2
L
k n t nT z dx M ZZ U Z ³   (24) 
where ρ is the mass per unit length of the beam, ωnZ represents maximum velocity of the end mass and Mt is its 
mass [20]. 
Equating equations (23) and (24), the natural frequency can be expressed as 
22
2 2
20 0
     
L L
n t
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Z Uª º « »« »¬ ¼³ ³   (25) 
3.  Model Validation by FE Analysis 
The results obtained from the derived model for parallel configuration are compared with the results from FE 
analysis of an identical energy harvester using COMSOL Multiphysics. The mathematical model is simulated in 
MATLAB to obtain resonant frequency, displacement of the end mass and generated power. 
573 Sushanta Kundu and Harshal B. Nemade /  Procedia Engineering  144 ( 2016 )  568 – 575 
3.1. FE Simulation in COMSOL Multiphysics 
Commercially available COMSOL Multiphysics software is used to develop the finite element model. The 
bimorph is connected with the load using piezoelectric-circuit interface and a sinusoidal acceleration of 0.2g is 
applied at the base. The system is simulated to obtain displacement of the end mass and generated power, as a 
function of the excitation frequency. The geometrical and physical parameters used in the simulation are given in 
Table 1. 
Table 1. Geometric and material parameters used in the simulation. 
Parameters Description Values Units 
L Beam length 50  mm 
b Beam width 5  mm 
hp Piezoelectric layer thickness 0.5  mm 
hs Substrate layer thickness 0.5 mm 
lm End mass length  10  mm 
lb End mass width 5  mm 
lh End mass thickness 7.8  mm 
Ys Young’s modulus of substrate material  110  GPa 
Yp Young’s modulus of piezoelectric  material 60.6  GPa 
ρs Mass density of piezoelectric material (PZT-5H) 7500  kg/m3 
ρp Mass density of substrate material (Brass) 9000  kg/m3 
ρm Mass density of end mass material 9000  kg/m3 
3.2. Short Circuit and Open Circuit Analysis 
The stiffness of a piezoelectric material depends on the electrical loading. The relative displacement of the end 
mass is obtained using equation (16) and is plotted as a function of input frequency in figure 4(a), and the short 
circuit and open circuit resonant frequencies are 99.80 Hz and 105.50 Hz respectively. Whereas the short circuit and 
open circuit resonant frequencies obtained from FE analysis (figure 4(b)) are 100.00 Hz and 105.75 Hz respectively.  
     
         (a)        (b) 
Fig. 4. Plots of displacement of the end mass versus excitation frequency obtained from (a) analytical model and (b) COMSOL Multiphysics. 
3.3. Effect of Load Resistance 
The generated power obtained from mathematical model for different load resistances is shown in figure 5(a). As 
the externally connected load resistance increases from very low value, the resonant frequency gradually moves 
towards the open circuit resonant frequency and the harvested power changes. Figure 5 shows harvested power and 
resonant frequency variation with the connected load resistance. 
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Fig. 5. Plots of power versus frequency for different load resistances obtained using (a) mathematical model and (b) COMSOL Multiphysics. 
3.3.1. Performance at optimal resistance  
As seen in figure 5, the generated power depends on the connected load resistance, and to harvest maximum 
power the load resistance should be of optimal value. The optimal load resistance is calculated by differentiating 
power equation at resonant frequency with respect to the load resistance R, and equating the result to zero. The 
optimal load resistance for parallel configuration is found to be 10.3 kΩ, and at the optimal load resistance, the 
generated power is 0.323 mW and the displacement of the end mass is 127 μm. 
3.3.2. Damping effect of the load resistance 
Under short circuit condition, the damping is minimum and the displacement of the end mass is maximum. As 
the load resistance is increased, the displacement of the end mass starts decreasing and reaches minimum for the 
load resistance value of R = 1/(2ωCp), and subsequently the displacement starts increasing till it reaches a maximum 
at the open circuit condition. At this value of load resistance (R = 62.5 kΩ) the system resonance frequency is 102.7 
Hz and the displacement of the end mass is 62 μm, figure 6 (a) shows the variation of the displacement of the end 
mass with load resistance at the resonant frequency, and verifies the damping effect due to load resistance. Figure 6 
(b) plots the variation of generated power with the load resistance and shows two maxima, at 99.80 Hz (short circuit 
resonance frequency) and at 105.50 Hz (open circuit resonance frequency). 
                  
    (a)    (b) 
Fig. 6. Plots of (a) displacement of end mass and (b) generated power versus load resistance at the resonant frequency. 
Table 2. Comparison of results. 
Parameters Results by solving 
model in MATLAB  
Results from simulation in 
COMSOL 
Short circuit resonant frequency  99.80 Hz 100.00 Hz 
Open circuit resonant frequency  105.50 Hz 105.75 Hz 
Displacement of end mass at optimal load  127 μm 134 μm 
Harvested power at optimal load  0.323 mW 0.334 mW 
at 
105.50 Hz 
at 
99.80 Hz 
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4. Conclusion 
A typical piezoelectric energy harvester is a cantilever structure with one or two piezoelectric layers and the 
generated power is due to the vibration of the host structure. The energy harvester generates maximum power when 
the source frequency matches the natural frequency and optimal load is connected. 
The paper presents a lumped parameter model for the analysis of a vibration energy harvester consisting of a 
bimorph piezoelectric cantilever with end mass. An expression for the electrically induced damping coefficient due 
to electromechanical effect of the piezoelectric material has been derived. Mathematical exressions for natural 
frequency, displacement of end mass and generated voltage for parallel and series configurations have been derived. 
For the parallel configuration, the derived expressions have been evaluated in MATLAB and the results are 
validated using finite element analysis of an identical system. 
The model is used to find the short circuit and open circuit resonance frequencies of the energy harvester. The 
effect of load resistance on the resonance frequency, displacement of the end mass and generated power is studied, 
and the optimal value of the load resistance has been found for maximum power generation. 
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